Abstract. We prove a nesting phenomenon for twisted Frobenius extensions. Namely, suppose R ⊆ B ⊆ A are graded superrings such that A and B are both twisted Frobenius extensions of R, R is contained in the center of A, and A is projective over B. Our main result is that, under these assumptions, A is a twisted Frobenius extension of B. This generalizes a result of Pike and the second author, which considered the case where R is a field.
Introduction
Frobenius extensions, which are a natural generalization of Frobenius algebras, appear frequently in many areas of mathematics, from topological quantum field theory to categorical representation theory. Several generalizations of Frobenius extensions have been introduced since their inception. In particular, Nakayama and Tsuzuku introduced Frobenius extensions of the second kind in [NT60] . These were further generalized to the concept of (α, β)-Frobenius extensions in [Mor65] , where α and β are automorphisms of the rings involved. The corresponding theory for graded superrings was then developed in [PS16] , where they were called twisted Frobenius extensions.
In the literature, one finds that many examples of (twisted) Frobenius extensions arise from certain types of subobjects. For instance, if H is a finite index subgroup of G, then the group ring R[G] is a Frobenius extension of R [H] , where R is a commutative base ring. This example dates back to the original paper [Kas54] on Frobenius extensions. Another example comes from the theory of Hopf algebras. In particular, it was shown in [Sch92, Cor. 3.6(1)] that if K is a Hopf subalgebra of H, then H is a Frobenius extension of K of the second kind. Yet another example comes from Frobenius algebras themselves. Namely, it was shown (in the more general graded super setting) in [PS16, Cor. 7.4 ] that if A is a Frobenius algebra over a field, B is a subalgebra of A that is also a Frobenius algebra, and A is projective over B, then A is a twisted Frobenius extension of B.
The goal of the current paper is to shed more light on this "nesting" phenomenon. Namely, we consider the situation where we have graded superrings R ⊆ B ⊆ A, such that A and B are both twisted Frobenius extensions of R, and R is contained in the center of A. We call these nested Frobenius extensions. Our main result (Theorem 3.8) is that, provided A is projective over B, it follows that A is a twisted Frobenius extension of B. The twisting is given in terms of the Nakayama automorphisms of A and B. This result can be viewed as a generalization of [PS16, Cor. 7 .4] to the setting of arbitrary supercommutative ground rings.
The organization of the paper is as follows. We begin in Section 2 by recalling the definition of twisted Frobenius extensions of graded superrings, together with some related results. In Section 3, we examine nested Frobenius extensions R ⊆ B ⊆ A. We begin by proving a result that allows us to assume that A and B are, in fact, untwisted Frobenius extensions of R (Corollary 3.2). Then, after establishing several important lemmas, we prove our main result (Theorem 3.8), that A is a twisted Frobenius extension of B, provided A is projective over B. We conclude in Section 4 with several applications of our main result. In particular, we explain how the aforementioned examples of group rings and Hopf algebras can be deduced from our main theorem. We also give an example arising from nilcoxeter rings.
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Twisted Frobenius extensions
In this section we recall the definition of twisted Frobenius extensions, together with some of their properties that will be used in this paper. We refer the reader to [PS16] for further details.
We fix an abelian group Λ and by graded, we mean Λ-graded. In particular, a graded superring is a Λ × Z 2 -graded ring. In other words, if A is a graded superring, then
We denote the multiplicative unit of A by 1 A . To avoid repeated use of the modifiers "graded" and "super", from now on we will use the term ring to mean graded superring and subring to mean graded sub-superring. Similarly, by an automorphism of a ring, we mean an automorphism as graded superrings (homogeneous of degree zero). We will use the term module to mean graded supermodule. In particular, a left A-module M is a Λ × Z 2 -graded abelian group with a left A-action such that
and similarly for right modules. If v is a homogeneous element in a ring or module, we will denote by |v| (resp.v) its Z-degree (resp. Z 2 -degree). Whenever we write an expression involving degrees of elements, we will implicitly assume that such elements are homogeneous. For M, N two Λ × Z 2 -graded abelian groups, we define a Λ × Z 2 -grading on the space HOM Z (M, N) of all Z-linear maps by setting HOM Z (M, N) λ,π , λ ∈ Λ, π ∈ Z 2 , to be the subspace of all homogeneous maps of degree (λ, π). That is,
For A-modules M and N, we define the Λ × Z 2 -graded abelian group
where the homogeneous components are defined by
We let A-mod denote the category of left A-modules, with set of morphisms from M to N given by HOM A (M, N) 0,0 . Similarly, we have the category of right A-modules with morphisms from M to N given by
We will call elements of HOM A (M, N) λ,π homomorphisms of degree (λ, π) and, if they are invertible, isomorphisms of degree (λ, π). Note that they are not morphisms in the category A-mod unless they are of degree (0, 0). We use similar terminology for right modules. If M is a left A-module, we let ℓ a denote the operator given by the left action by a, that is,
If M is a right A-module, then for each homogeneous a ∈ A, we define a Z-linear operator
If A 1 and A 2 are rings, then, by definition, an (A 1 , A 2 )-bimodule M is both a left A 1 -module and a right A 2 -module, such that the left and right actions commute:
and HOM A 1 (N, M) is a right A 2 -module via the action
For λ ∈ Λ, π ∈ Z 2 , and an A-module M, we let {λ, π}M denote the Λ × Z 2 -graded abelian group that has the same underlying abelian group as M, but a new grading given by ({λ, π}M) λ ′ ,π ′ = M λ ′ −λ,π ′ −π . Abusing notation, we will also sometimes use {λ, π} to denote the map M → {λ, π}M that is the identity on elements of M. We define a left action of A on {λ, π}M by a · {λ, π}m = (−1) πā {λ, π}am. In this way, {λ, π} defines a functor from the category of A-modules to itself that leaves morphisms unchanged. Suppose M is a left A-module, N is a right A-module, and α is a ring automorphism of A. Then we can define the twisted left A-module α M and twisted right A-module N α to be equal to M and N, respectively, as graded abelian groups, but with actions given by
where juxtaposition denotes the original action of A on M and N. If α is a ring automorphism of A, and B is a subring of A, then we will also use the notation α B A A to denote the (B, A)-bimodule equal to A as a graded abelian group, with right action given by multiplication, and with left action given by b · a = α(b)a (where here juxtaposition is multiplication in the ring A), even though α is not necessarily a ring automorphism of B. We use A A α B for the obvious right analogue. By convention, when we consider twisted modules as above, operators such as r a and ℓ a defined in (2.1) and (2.2) involve the right and left action (respectively) in the original (i.e. untwisted) module.
Definition 2.1 (Twisted Frobenius extension). Suppose B is a subring of a ring A, that α is a ring automorphism of A, and that β is a ring automorphism of B. Furthermore, suppose λ ∈ Λ and π ∈ Z 2 . We call A an (α, β)-Frobenius extension of B of degree (−λ, π) if A is finitely generated and projective as a left B-module, and there is a morphism of (B, B)-bimodules tr : The map tr is called a trace map. We will often view it as a map
B that is homogeneous of degree (−λ, π). If A is an (α, β)-Frobenius extension of B for some α and β, we say that A is a twisted Frobenius extension of B. If A is an (id A , id B )-Frobenius extension of B, we call it a Frobenius extension or untwisted Frobenius extension (when we wish to emphasize that the twistings are trivial).
Remark 2.2. We say the extension is of degree (−λ, π) since that is the degree of the trace map. If A and B are concentrated in degree (0, 0), then an (id A , β)-Frobenius extension is sometimes called a β −1 -extension, or a Frobenius extension of the second kind (see [NT60] ).
If B is a subring of a ring A, then we denote the centralizer of B in A to be the subring of A defined by
If A is an (α, β)-Frobenius extension of B, then we have the associated Nakayama isomorphism (an isomorphism of rings)
which is the unique map satisfying (2.8) tr(ca) = (−1)āc tr (aψ(c)) for all a ∈ A, c ∈ C A (B).
Proposition 2.3. The ring B is an untwisted Frobenius extension of R of degree (−λ, π) if and only if there exists a homomorphism of (R, R)-bimodules tr : B → R of degree (−λ, π), and finite subsets {x 1 , . . . , x n }, {y 1 , . . . , y n } of B such that (|y i |,ȳ i ) = (λ − |x i |, π −x i ) for i = 1, . . . , n, and
We call the sets {x 1 , . . . , x n } and {y 1 , . . . , y n } dual sets of generators of B over R.
Proof. This is a special case of [PS16, Prop. 4.9], where the twistings are trivial.
Nested Frobenius extensions
In this section, we introduce our main object of study, nested Frobenius extensions, and prove our main result (Theorem 3.8). We begin with a simplification result. For the remainder of this paper, we fix rings R ⊆ B ⊆ A, with C A (R) = A.
Note that this implies that C B (R) = B and that C R (R) = R. In particular, R is supercommutative, and so we do not distinguish between left and right R-modules. In light of Corollary 3.2, we suppose that A and B are untwisted Frobenius extensions of R of degrees (−λ A , π A ) and (−λ B , π B ), respectively. We denote their trace maps by tr A and tr B and their Nakayama isomorphisms by ψ A and ψ B , respectively. We call A and B nested Frobenius extensions of R.
Remark 3.3. The assumption that C A (R) = A implies that ψ A and ψ B are ring automorphisms of A and B, respectively. In fact, this is precisely why we assume C A (R) = A.
For an R-module M, we define
If, in addition, M is a (B, A)-bimodule, then it is straightforward to verify that M ∨ is an (A, B)-bimodule with action given by
Note that B is naturally a (B, B)-bimodule via left and right multiplication. 
Thus the map (3.2) is also a homomorphism of right B-modules.
and
be dual sets of generators of B over R, where |x i | + |y i | = λ B andx i +ȳ i = π B , for each i = 1, . . . , n (see Proposition 2.3).
Proposition 3.5. If M is a (B, A)-bimodule, then the map
is a homomorphism of (A, B)-bimodules of degree (λ B , π B ). Moreover, the maps (3.2) and (3.3) are mutually inverse isomorphisms of (A, B)-bimodules.
Proof. The map
is clearly a homomorphism of abelian groups. Now let b ∈ B and m ∈ ψ B M. Then
Thus (3.4) is a homomorphism of left B-modules of degree (λ B , π B ). Since the (set-theoretic) inverse of a bimodule homomorphism is also a bimodule homomorphism, it remains to show that (3.2) and (3.3) are mutually inverse. Let f ∈ HOM B ( ψ B M, B B B ). The map (3.2) followed by the map (3.3) sends f to the map
Thus (3.3) is left inverse to (3.2). Now let θ ∈ M ∨ . The map (3.3) followed by the map (3.2) sends θ to the map
Hence (3.3) is also right inverse to (3.2).
We will let
A , B B B be the special case of the isomorphism (3.3) of (A, B)-bimodules where one takes M to be
is an isomorphism of (A, B)-bimodules of degree (−λ A , π A ).
Proof. The map ϕ A is clearly a homomorphism of abelian groups. Let r ∈ R, a ∈ A, and
Thus ϕ A is a homomorphism of left A-modules of degree (−λ A , π A ).
On the other hand, for a ∈ A, b ∈ B, and
Thus ϕ A is a homomorphism of right B-modules. It remains to show that ϕ A is an isomorphism. Suppose that ϕ(a) = ϕ(a ′ ) for some a, a ′ ∈ A. This implies thatā =ā
It thus follows from T1 that ψ A (a) = ψ A (a ′ ), and hence a = a ′ . Thus ϕ A is injective. Now, every element ϕ ∈ B A ψ A A ∨ can be viewed as an element of HOM R ( R A, R). Then, by T2, there exists an a ∈ A such that ϕ = tr A • r a. Since ψ A is a ring isomorphism, we have that
Thus, ϕ A is surjective.
Proposition 3.7. The map
is an isomorphism of (A, B)-bimodules of degree (λ B − λ A , π A + π B ). Moreover, the map tr :
is a trace map, i.e., it satisfies conditions T1 and T2.
Proof. Since κ • ϕ A is a composition of (A, B)-bimodule isomorphisms, it too is an (A, B)-bimodule isomorphism. Now, for a ∈ A A B , we have
Then by [PS16, Prop. 4 .1], tr is left trace map. Remark 3.9. Recall that, by Corollary 3.2, we would gain no generality in Theorem 3.8 by allowing for A and B to be twisted Frobenius extensions of R. In the case that R is a field, concentrated in degree (0, 0), Theorem 3.8 recovers [PS16, Cor. 7 .4].
Applications
In this final section, we give several examples that illustrate Theorem 3.8. In particular, we see that a number of results that have appeared in the literature follow immediately from this theorem.
Example 4.1 (Group rings). Let R be a supercommutative ring, G a finite group, and H a subgroup of G. Consider the following group rings over R: In the case that R is concentrated in degree (0, 0), this recovers the well-known result that a finite group ring is a Frobenius extension of a subgroup ring.
Example 4.2 (Hopf algebras). Let R be an unique factorization domain, let H be a Hopf algebra over R that is finitely generated and projective as an R-module, and let K be a Hopf subalgebra of H. Then H and K are both untwisted Frobenius extensions of R by [Par71, Cor. 1]. Let ψ H and ψ K denote their respective Nakayama automorphisms. If H is projective as a left K-module (this condition is automatically satisfied when R is a field by [NZ89, Th. 7]), then H is a (ψ H , ψ K )-Frobenius extension of K by Theorem 3.8. Moreover, we have that H is a (id H , ψ K • ψ Example 4.3 (Nilcoxeter rings). Let R be a supercommutative ring and fix a nonnegative integer n. The nilcoxeter ring N n over R is generated by the elements u 1 , · · · , u n−1 with the relations u 2 i = 0 for 1 ≤ i ≤ n − 1, u i u j = u j u i for 1 ≤ i, j ≤ n − 1 such that |i − j| > 1, u i u i+1 u i = u i+1 u i u i+1 for 1 ≤ i < n − 1.
As an R-module, N n has the basis {u w | w ∈ S n }, where S n is the symmetric group on n elements. Multiplication of basis elements is given by where ℓ is the length function of the symmetric group. So N n is free and thus projective as an R-module. Now consider the R-linear function determined by tr n : N n → R, tr n (u w ) = 1 if w = w 0 ∈ S n , 0 if w = w 0 ∈ S n , where w 0 denotes the permutation of maximal length in S n . It can be shown that N n is an untwisted Frobenius extension of R of degree (− n 2 , n 2 ) with trace map tr n , and the Nakayama automorphism associated to tr n is given by ψ n (u i ) = u n−i (see [PS16, Lem 8 .2], where one replaces F with R). Although the author of [Kho01, Prop 4] works over the field Q, his proof that N n is projective as a left N n−1 -module still holds over R. It is clear that C Nn (R) = N n . Therefore, by Theorem 3.8, N n is a (ψ n , ψ n−1 )-Frobenius extension of N n−1 of degree 
